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Abstract
Let p be a prime number. In this paper, we estimate the variation
of the sizes of quotients of certain finitely generated p-torsion Iwasawa
modules, which are closely related to class numbers. We also construct
some Zp ⋊ Zp-extensions whose Iwasawa µ-invariant is nonzero. At the
end of this paper, we calculate the determinants of some matrices that
are related to the groups Zp ⋊ Zp.
1 Introduction
In [4], Iwasawa proved the following result, which is so called Iwasawa’s class
number formula.
Theorem ([4, p. 212], Theorem 4.). Let K∞/K be a Zp-extension and Kn be
the subfields corresponding to the subgroups pnZp of Zp. If we denote en for the
p-exponent of the class number h(Kn) of Kn, then there exist some µ, λ ≥ 0 and
ν ∈ Z such that
en = µp
n + λn+ ν
for sufficiently large n.
This result is known to be the first assymptotic formula which explains the
regularity of the variation of the class numbers of certain towers of number fields.
In [1], Cuoco and Monsky generalized this result to general Zdp-extensions.
Theorem ([1, p. 235], Theorem I.). Let K∞/K be a Z
d
p-extension and Kn be
the subfields corresponding to the subgroups pnZdp of Z
d
p. If we denote en for the
p-exponent of the class number h(Kn) of Kn, then there exist some µ, λ ≥ 0
such that
en = µp
dn + λnp(d−1)n +O(p(d−1)n).
In [7], Perbet obtained some similar results on certain p-adic Lie groups by
using a result of Harris([3]).
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Theorem ([7, p. 837], Corollary 3.4.). Let G be a finitely generated p-valued pro-
p group with dimension d. Let K∞/K be a G-extension in which only finitely
many primes ramify. Let Kn be the subfields corresponding to Gn := {x ∈
G|ω(x) > (p−1)−1+n−1}, where ω is the valuation of G. If we denote Cln(p)
for the p-Sylow subgroup of the ideal class group of Kn, then there exist some
ρ, µ ≥ 0 such that
#(Cln(p)/p
nCln(p)) = p
(ρn+µ)(G:Gn)+O(np
n(d−1)).
By restricting the p-adic Lie groups dealt with, Lei succeeded to obtain
several more precise results in [6]. In particular, the following result is a gen-
eralization of the result of Cuoco and Monsky when d = 2. Let p be an odd
prime number and K be a number field which admits a unique prime ideal p
lying above p. Let K∞/K be a Galois extension in which p is totally rami-
fied and only finitely many primes ramify. We assume that the Galois group
G := G(K∞/K) can be written in the form G = H ⋊ Γ, where H and Γ
are subgroups of G isomorphic to the additive group Zp. Then there exists
a H-subextension K∞/K
c of K∞/K such that G(K
c/K) ≃ Γ. Assume that
every prime of K which ramifies in K∞/K splits into finitely many primes in
Kc. Let L∞ be the maximal unramified abelian pro-p extension of K∞ and
put X := G(L∞/K∞). Then X becomes a finitely generated Λ(G)-module,
where Λ(G) := Zp[[G]]. We put X(p) := torZp X , Γm := Γ
pm , Hn := H
pn , and
λG := rankΛ(H)(X/X(p)). Let Kn be the subfields of K∞/K corresponding to
the subgroups Hn ⋊ Γn of G and en denote the p-exponent of the class number
of Kn.
Theorem ([6, p. 361], Corollary 5.3.). Assume that X is finitely generated over
Λ(H). Then one has
en = λGnp
n +O(pn).
The assumption X being finitely generated over Λ(H) implies that the so-
called Iwasawa µG-invariant is equal to zero. The purpose of this paper is
to consider some estimates of the variation of the sizes of quotients of certain
finitely generated p-torsion Λ(G)-modules, which are closely related to class
numbers, when µG is not necessarily zero.
Let X be a finitely generated p-torsion Λ(G)-module and IΓn , IHm the kernel
of the natural surjective homomorphisms of rings Zp[[Γn]] ։ Zp,Zp[[Hm]] ։
Zp respectively. Then, by Lemma 2.1, XHm := X/IHmX becomes a finitely
generated Λ(Γ)-module for each m ≥ 0. By [9][p. 295, Theorem 3.40.], one has
an exact sequence of finitely generated Λ(G)-modules
0→ A→ X ϕ→
s⊕
i=1
Λ(G)/pmiΛ(G)→ B → 0
with A,B pseudo-null. We also assume that A,B are finitely generated over
Λ(H). Then we have
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Main result 1 (Theorem 3.1). Let X ′Hm be the maximal finite Λ(Γ)-submodule
of XHm . Then there exist µA, νA depending on A and νB ∈ Z depending on B
such that
#X ′Hm = p
µAp
m+νA+νB .
for sufficiently large m.
Main result 2 (Corollary 3.2). We have
pµGp
2n ≤ #(XHn)Γn ≤ pµGp
2n+µAp
n+νA+νB
for all n ≥ 0.
Although there are some Λ(G)-modules satisfying the assumptions of these
main results with µG 6= 0 in the ring theoretical settings, actual Zp ⋊ Zp-
extensions whose Iwasawa module satisfies the assumptions with µG 6= 0 have
not been found as far as the author knows. To begin with dealing with this
problem, we will also construct some Zp ⋊ Zp-extensions with µG 6= 0. We
have the following main result, which is a partial analogue of Iwasawa’s result
([5][p. 6, Theorem 1.]) for Zp-extensions.
Main result 3 (Theorem 4.4). Let p = 3 and K := Q(ζ3). For any N ≥ 1,
there exists a cyclic extension K ′/K with degree 3 and L′/K ′ with Gal(L′/K ′) ≃
Zp ⋊ Zp such that µG(L
′/K ′) ≥ N .
At the end of this paper, we would like to calculate the determinants of some
matrices that are related to the groups Zp ⋊ Zp. Let p be a prime number and
n, d ≥ 1 integers. Let u be an integer such that (p, u) = 1. Let A(p, n, d, u) =
(aij) ∈Mpn(Zp) defined by
aij =
{
1 j ≡ (i − 1)(1 + pu)k + 1 mod pn(0 ≤ k ≤ d− 1)
0 otherwise.
Main result 4 (Theorem 5.4). We have
|A| =


1 n = 1
d(p−1)(n−1) n 6= 1, d < p
0 n 6= 1, d ≥ p.
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2 Some properties of Λ(G)-modules
In this section, we shall study some properties of Λ(G)-modules which will be
used in the proof of our main results.
Let G be a profinite group such that G = H ⋊φ Γ, where H and Γ are
multiplicative groups which are isomorphic to the additive group Zp and φ :
Γ → Aut(H) is a fixed group homomorphism. We fix topological generators
h of H and γ of Γ. Define the ring automorphism σ : Zp[[S]] → Zp[[S]] by
σ(S) :=
∑∞
i=1
(
φ(γ)
i
)
Si and the group homomorphism δ : Zp[[S]] → Zp[[S]] by
δ := σ − id. Then, by [8][p. 157, Example 2.2.], we obtain a ring isomorphism
Λ = Λ(G) := Zp[[G]] ≃ Zp[[S]][[T ;σ, δ]] =: Zp[[S, T ;σ, δ]]
where h and γ are corresponding to 1 + S and 1 + T respectively. Recall that
the multiplication of Zp[[S, T ;σ, δ]] is given by
TF (S) = σ(F (S))T + δ(F (S))
for F (S) ∈ Zp[[S]]. The topology of Λ(G) is defined in section 7.1 of [2]. By
[8][p. 158, Example 2.3.], G is a uniform pro-p group. Therefore, by [2][p. 161,
7.25 Corollary], Λ(G) is a non-commutative noetherian integral domain. Let
IΓn , IHm be the kernel of the natural surjective homomorphisms of rings Zp[[Γn]]։
Zp,Zp[[Hm]]։ Zp respectively. Put ωm := (1+S)
pm−1 ∈ Zp[[S]] ≃ Λ(H). Then
we find IHmΛ(G) = ωmΛ(G). When we say X is a Λ(G)-module, we always un-
derstand that X carries the structure of a Hausdorff abelian topological group
and the structure of a left Λ(G)-module such that the action Λ(G)×X → X is
continuous.
Lemma 2.1. (i) One has IHmΛ(G) = Λ(G)IHm .
(ii) Λ(G)/IHmΛ(G) is finitely generated over Λ(Γ) as a left Λ(Γ)-module.
Proof. (i) This is proved in [8][p. 181, Proposition 7.6.].
(ii) By [8][p. 158, Example 2.3.], G is a uniform pro-p group. Hence, for any
r ∈ Λ(G), [2][p. 155, 7.20 Theorem] implies that r can be uniquely written
in the form
r =
∞∑
j=0
Fi(T )S
i
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where Fi(T ) ∈ Zp[[T ]] ≃ Λ(Γ). By (i), we have IHmΛ(G) = Λ(G)IHm .
Since Λ(G)IHm = Λ(G)ωm, we have the congruence
Fi(T )S
i ≡ Fi(T )(−
pm−1∑
j=1
(
pm
j
)
Sj)Si−p
m
(mod Λ(G)IHm )
for each i ≥ pm. By using this congruence many times, we obtain some
F ′0(T ), · · · , F ′pm−1(T ) ∈ Zp[[T ]] ≃ Λ(Γ) such that r =
∑pm−1
i=0 F
′
i (T )S
i.
Note that each coefficient of F ′i (T ) converges in Zp because Zp is equipped
with p-adic topology. This completes the proof.
If X is a finitely generated Λ(G)-module, then, by Lemma 2.1, XHm :=
X/IHmX becomes a finitely generated Λ(Γ)-module for each m ≥ 0. Hence
there exists the maximal finite Λ(Γ)-submodule X ′Hm of XHm for each m ≥ 0.
Lemma 2.2. For each m ≥ 0, we have
s⊕
i=1
(Λ(G)/pmiΛ(G))Hm ≃
s⊕
i=1
(Λ(Γ)/pmiΛ(Γ))p
m
as Λ(Γ)-modules.
Proof. We have
(Λ(G)/pmiΛ(G))Hm
≃ Λ(G)/(pmiΛ(G) + ωmΛ(G))
≃ (Λ(G)/ωmΛ(G))/pmi(Λ(G)/ωmΛ(G)).
Since we have
Λ(G)/ωmΛ(G) ≃ Λ(Γ)p
m
as a Λ(Γ)-module, we obtain
(Λ(G)/pmiΛ(G))Hm ≃ Λ(Γ)p
m
/pmiΛ(Γ)p
m
≃ (Λ(Γ)/pmiΛ(Γ))pm .
as a Λ(Γ)-module. Therefore, one has
s⊕
i=1
(Λ(G)/pmiΛ(G))Hm ≃
s⊕
i=1
(Λ(Γ)/pmiΛ(Γ))p
m
Lemma 2.3.
Λ(G)/pkΛ(G)
ωm(S)×−→ Λ(G)/pkΛ(G)
is injective.
5
Proof. For any f(S, T ) ∈ Λ(G), if ωm(S)f(S, T ) ∈ pkΛ(G), then g(S, T ) ∈ Λ(G)
such that ωm(S)f(S, T ) = p
kg(S, T ). If we put ξm :=
ωm
ωm−1
(ξ0 = ω0), then one
can write ωm = ξmξm−1 · · · ξ0. By [8][p. 182, Proposition 7.6.], ξm are prime
elements of Λ(G), i.e., one has ξmΛ = Λξm and ξmΛ are prime ideals. Since
ξmΛ ⊃ pkΛ · Λg(S, T )Λ, one has either ξmΛ ⊃ pkΛ or ξmΛ ⊃ Λg(S, T )Λ. If
ξmΛ ⊃ pkΛ, then there exists h(S, T ) ∈ Λ(G) such that ξmh(S, T ) = pk. But
this is impossible. Hence ξmΛ ⊃ Λg(S, T )Λ, and so there exists g1(S, T ) ∈ Λ(G)
such that ξmg1(S, T ) = g(S, T ). Therefore, we have
ξm · · · ξ0f(S, T ) = ξmg1(S, T )pk
Since Λ(G) is integral, one can erase ξm. By iterating this, one obtains
f(S, T ) = gm+1(S, T )p
k
for some gm+1 ∈ Λ(G). Hence f(S, T ) ∈ pkΛ(G).
Lemma 2.4. Let K be a number field, K∞/K a Zp-extension, and L∞/K∞ the
maximal p-ramified abelian pro-p extension. Let L/K∞ be a Galois subextension
of L∞/K∞. Then Gal(L/K) is abelian if and only if K∞/K acts trivially on
L/K∞.
Proof. Assume that K∞/K acts trivially on L/K∞. Consider the exact se-
quence of topological groups
0→ Gal(L/K∞)→ Gal(L/K) j→ Gal(K∞/K)→ 0.
Let γ˜ ∈ Gal(L/K) be a lifting of the fixed topological generator γ ∈ Γ =
Gal(K∞/K). Then one can define the homomorphism ϕ : Gal(K∞/K) ∋ γ 7→
γ˜ ∈ Gal(L/K). Since j ◦ ϕ = idΓ, we obtain
Gal(L/K) = Gal(L/K∞)⋊Gal(K∞/K).
For any x1, x2 ∈ Gal(L/K∞), there exist y1, y2 ∈ Gal(L/K∞) and γ1, γ2 ∈ Γ
such that xi = (yi, γi) for i = 1, 2. Hence
x1 · x2 = (y1, γ1)(y2, γ2) = (y1γ˜1y2γ˜−11 , γ1γ2)
= (y1y2, γ1γ2) = x2 · x1.
Thus Gal(L/K) is abelian. Conversely, if Gal(L/K) is abelian, then one has
γ˜′xγ˜′−1 = x for all x ∈ Gal(L/K∞) and γ′ ∈ Γ. This completes the proof.
Definition 2.5. LetX be a finitely generated Λ(G)-module. Then, by [9][p. 295,
Theorem 3.40.], we have a pseudo-isomorphism
X(p) ∼
s⊕
i=1
Λ(G)/pmiΛ(G),
where X(p) := torZp X . µG :=
∑s
i=1mi is called the Iwasawa µG-invariant
of X .
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3 The main result
In this section, we prove one of our main results(Corollary 3.2) by using propo-
sitions and lemmas which we have proved already in Section 2.
Throughout this section, letX be a p-torsion finitely generated Λ(G)-module.
By [9][p. 295, Theorem 3.40.], we have an exact sequence of finitely generated
Λ(G)-modules
0→ A→ X ϕ→
s⊕
i=1
Λ(G)/pmiΛ(G)→ B → 0 (3.1)
with A,B pseudo-null. We assume that A,B are finitely generated over Λ(H).
Theorem 3.1. Let X ′Hm be the maximal finite Λ(Γ)-submodule of XHm . Then
there exist µA, νA depending on A and νB ∈ Z depending on B such that
#X ′Hm = p
µAp
m+νA+νB .
for sufficiently large m.
Proof. By (3.1), we have two exact sequences of Λ(G)-modules
0→ A→ X → imϕ→ 0
and
X → Y → B → 0,
where we put Y :=
⊕s
i=1 Λ(G)/p
miΛ(G). For any m ≥ 0, consider the exact
commutative diagram
0 // A //

X //
ωm(S)×

imϕ //

0
0 // A // X // imϕ // 0.
Since Lemma 2.3 ensures the injectivity of ωm(S)× : imϕ→ imϕ, by the snake
lemma, we obtain the exact sequence of Λ(Γ)-modules
0→ AHm → XHm
ϕ→ (imϕ)Hm → 0 (3.2)
Since taking /IHm is right exact, we also have the exact sequence of Λ(Γ)-
modules
XHm
ϕHm→ YHm → BHm → 0. (3.3)
By assumption, A and B are finitely generated torsion Zp-modules. Therefore,
we have #AHm = p
µAp
m+νA for large m and #BHm = p
O(pm). Consider the
commutative diagram of Λ(Γ)-modules
X
ϕ
//
pi

Y
pi

XHm
ϕHm // YHm
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We can define the well-defined surjective homomorphism of Λ(Γ)-modules
ψ : (imϕ)Hm −→ im(ϕHm)
∈ ∈
ϕ(x) + IHm imϕ 7−→ ϕHm(x+ IHmX) = ϕ(x) + IHmY.
with kerψ = (IHmY ∩ imϕ)/IHm imϕ. Hence we obtain the commutative dia-
gram of Λ(Γ)-modules
0

kerϕ
k
K
xxqq
q
q
q
q
q
q
q
q

0 // ker(ϕHm ) // XHm
ϕHm //
ϕ

im(ϕHm) // 0
(imϕ)Hm
ψ
88 88q
q
q
q
q
q
q
q
q
q

0
Therefore, we can consider the commutative diagram of Λ(Γ)-modules
0 // ker(ϕHm)/ kerϕ // XHm/ kerϕ //

XHm/ ker(ϕHm) //

0
0 // (IHmY ∩ imϕ)/IHm imϕ // (imϕ)Hm // im(ϕHm) // 0
This implies that we have
ker(ϕHm)/ kerϕ ≃ (IHmY ∩ imϕ)/IHm imϕ. (3.4)
For each m ≥ 0, define the homomorphism of Λ(H)-modules Ωm by
Ωm : Y −→ Y
∈ ∈
a 7−→ ωma.
Then we have
Ω−1m (imϕ) ⊂ Ω−1m+1(imϕ)
for each m ≥ 0. Indeed, if a ∈ Ω−1m (imϕ), then one has ωma ∈ imϕ. Since
ωm+1
ωm
∈ Λ(H) and imϕ is a Λ(H)-module, we have ωm+1a ∈ imϕ. Thus we
obtain a ∈ Ω−1m+1(imϕ). Therefore, Ω−1m (imϕ)/ imϕ are submodules of the
finitely generated Λ(H)-module Y/ imϕ(= B) such that we have
Ω−1m (imϕ)/ imϕ ⊂ Ω−1m+1(imϕ)/ imϕ
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for each m ≥ 0. Hence we obtain a sequence of finitely generated Λ(H)-modules
Ω−10 (imϕ)/ imϕ ⊂ Ω−11 (imϕ)/ imϕ ⊂ · · · .
Since Λ(H) is noetherian, there exists some α ≥ 0 such that one has
Ω−1m (imϕ)/ imϕ = Ω
−1
α (imϕ)/ imϕ (3.5)
for all m ≥ α. Since IHmY = ωmY , we can consider the homomorphism of
Λ(H)-modules
ωm× : Ω−1m (imϕ)/ imϕ −→ (IHmY ∩ imϕ)/IHm imϕ
∈ ∈
a+ imϕ 7−→ ωma+ IHm imϕ.
for each m ≥ 0. This is surjective. Indeed, if x + IHm imϕ ∈ (IHmY ∩
imϕ)/IHm imϕ, then there exist some a ∈ Y and b ∈ imϕ such that we have
x = ωma = ϕ(b). Hence we have a ∈ Ω−1m (imϕ). By Lemma 2.3, one can
also check that this is injective, and so this is bijective. Since Y/ imϕ(= B)
is finitely generated and torsion over Λ(H), so is Ω−1α (imϕ)/ imϕ. Hence
(Ω−1α (imϕ)/ imϕ)Hm is finite for all m ≥ α. Note that we have
Ω−1α (imϕ)/ imϕ = (Ω
−1
α (imϕ)/ imϕ)Hm .
Therefore, there exists some νB ≥ 0 such that #(IHmY ∩ imϕ)/IHm imϕ =
pνB for all m ≥ α, that is, #(ker(ϕHm)/ kerϕ) = pνB for all m ≥ α. Since
#kerϕ
(3.2)
= #AHm = p
µAp
m+νA , this implies that
#ker(ϕHm ) = p
νBpµAp
m+νA = pµAp
m+νA+νB .
By (3.3), we obtain the exact sequence of Λ(Γ)-modules
0→ ker(ϕHm)→ XHm → YHm → BHm → 0
with ker(ϕHm), BHm finite. Note that YHm are elementary Iwasawa modules.
By classical Iwasawa theory, this implies that ker(ϕHm) is the maximal finite
Λ(Γ)-module of XHm , i.e., we have X
′
Hm
= ker(ϕHm). Consequently, we obtain
X ′Hm = p
µAp
m+νA+νB .
Corollary 3.2. We have
pµGp
2n ≤ #(XHn)Γn ≤ pµGp
2n+µAp
n+νA+νB
for all n ≥ 0.
Proof. By Theorem 3.1, we have the exact sequence of Λ(Γ)-modules
0→ ker(ϕHn)→ XHn → YHn → BHn → 0
for each n ≥ 0. Since YHn are elementary Iwasawa modules, by classical Iwasawa
theory, we obtain the assertion.
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Remark 3.3. Let p be an odd prime number and K a number field which ad-
mits a unique prime ideal p lying above p. Consider a Galois extension K∞/K
satisfying G(K∞/K) = G, p is totally ramified in K∞/K, and K∞/K is un-
ramified outside p. Then there exists a H-subextension K∞/K
c of K∞/K such
that G(Kc/K) ≃ Γ. For each n ≥ 0, we denote Hn := Hpn , Γn := Γpn ,
Gn := Hn ⋊ Γn, and Kn := K
Gn
∞ . Let L∞ be the maximal unramified abelian
pro-p extension of K∞ and put X := G(L∞/K∞). Then, by [7][p. 835, Propo-
sition 3.1.], X becomes a finitely generated Λ(G)-module. For n ≥ 0, let en
denote the p-exponent of the class number h(Kn) of Kn. Since K∞/K is un-
ramified outside p, by [6][p. 5, the short exact sequence (2.3) and Corollary 2.6.],
we find that en is equal to the p-exponent of #(XΓn)Hn . Hence, if there exists
a Zp ⋊ Zp-extension K∞/K such that the corresponding Iwasawa module X is
a p-torsion module satisfying the condition for Theorem 3.2, then one has
µGp
2n ≤ en ≤ µGp2n + µApn + νA + νB.
for large n.
4 Construction of Zp⋊Zp-extensions with µG 6= 0
In this section, we shall construct some Zp ⋊ Zp-extensions with µG 6= 0.
Definition 4.1. Let K := Q(
√−d) be an imaginary quadratic field. By
[10][p. 266, Theorem 13.4], there is a Z2p-extensionK∞/K. Put Γ
′ := G(K∞/K)
and G := G(K/Q). Then one finds that G acts on Γ′. Γ′ can be written in the
form Γ′ = Γ+ ⊕ Γ−, where Γ+ is the part G acts trivially. The Γ−-extension is
called the anticyclotomic Zp-extension of K.
From now on, let K, K−∞ be the above fields. Let M∞/K
−
∞ be the maximal
pro-p abelian p-ramified extension. Since the Leopoldt’s conjecture holds for
imaginary quadratic fields, by doing the same augument as the proof of Theorem
13.31([10][p. 294]), we find that
X∞ := Gal(M∞/K
−
∞) ∼ Λ(Γ)⊕ (torsion parts).
Lemma 4.2. There is a surjection
X∞ ։ Λ(Γ)/(T − p)Λ(Γ)(≃ Zp)
Proof. We have the exact sequence of Λ(Γ)-modules
0→ A→ X∞ → Λ(Γ)⊕ (torsion parts)→ B → 0
with A, B finite. Hence we have the exact sequence
X∞/ torΛ(Γ)X∞ → Λ(Γ)→ B′ → 0
with B′ finite. By taking /(T − p), we have
(X∞/ torΛ(Γ)X∞)/(T − p)→ Λ(Γ)/(T − p) ϕ→ B′/(T − p)→ 0.
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Since B′/(T − p) is finite and Λ(Γ)/(T − p) ≃ Zp, we must have kerϕ ≃ Zp.
Therefore, we obtain the map
X∞ ։ X∞/(torΛ(Γ)X∞ + (T − p)X∞)։ Zp.
Thus M∞/K
−
∞ has a Zp-subextension L/K
−
∞. Since any Λ(Γ)-submodule of
X∞ is normal in Gal(M∞/K), one has Gal(M∞/L)⊳Gal(M∞/K). This means
that L/K is Galois, and so one finds that Gal(L/K) ≃ Zp ⋊ Zp.
Lemma 4.3. Gal(L/K) is not abelian.
Proof. By Lemma 2.4, we have “Γ− acts trivially on Gal(L/K−∞)⇔ Gal(L/K)
is abelian.” However, for the fixed topological generater γ of Γ− and for any
nonzero x ∈ X , we have γ · x = (1 + T )x = (1 + p)x in Gal(L/K−∞). If
x = (1 + p)x, then one has px = 0, which contradicts Gal(L/K−∞) ≃ Zp. Thus
we have γ · x 6= x, and so Gal(L/K) is not abelian.
Therefore, we have constructed a non-abelian Zp ⋊ Zp-extension L/K. By
using this extension, we obtain the following result, which is a partial analogue
of Iwasawa’s result([5][p. 6, Theorem 1.]).
Theorem 4.4. Let p = 3 and K := Q(ζ3). For any N ≥ 1, there exists a cyclic
extension K ′/K with degree 3 and L′/K ′ with Gal(L′/K ′) ≃ Zp ⋊Zp such that
µG(L
′/K ′) ≥ N .
Proof. Since K = Q(
√−3), we can use the same argument and the same nota-
tions in this section. By a paper of Iwasawa ([5][p. 2-6]), there exists d ≥ 2 such
that the µ-invariant of K−∞K
′/K ′ with K ′ := Q(ζ3,
3
√
d) is greater than or equal
to N . Let q be a prime factor of d other than 3. Then, by elementary number
theory, we find that q is totally ramified in K ′/K. But q is unramified in L/K.
Hence we have L∩K ′ = K, and so Gal(LK ′/K ′) ≃ Gal(L/K) ≃ Zp⋊Zp. Since
the µ-invariant of K−∞K
′/K ′ is greater than or equal to N , by [6][Proposition
5.1], we obtain that the µG-invariant of LK
′/K ′ is also greater than or equal to
N .
5 Determinants related to Zp ⋊ Zp
In this section, we shall calculate the determinants of some matrices that are
related to the groups Zp ⋊ Zp. Let p be a prime number and n, d ≥ 1 integers.
Let u be an integer such that (p, u) = 1. Let A(p, n, d, u) = (aij) ∈ Mpn(Zp)
defined by
aij =
{
1 j ≡ (i − 1)(1 + pu)k + 1 mod pn(0 ≤ k ≤ d− 1)
0 otherwise.
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Example 5.1. Let p = 5, n = 2, d = 3, and u = 1. Then A is

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1


Let s, t ∈ Z/pnZ. Define a relation ≈ in Z/pnZ by
s ≈ t ⇐⇒ There exists 1 ≤ r ≤ pn such that ars = 1 and art = 1.
Let ∼ be the equivalence relation in Z/pnZ generated by ≈.
Lemma 5.2. ∼ induces the direct sum∐
1≤i≤p−1
1≤m≤n
{ipm−1 + 1 + pml|l ∈ Z/pnZ} = Z/pnZ.
Proof. Fix 1 ≤ i ≤ p− 1 and 1 ≤ m ≤ n. Then we have
(ipm−1 + 1− 1)(1 + pu) + 1 = ipm−1(1 + pu).
Hence, by the definition of A, we have ipm−1+1 ∼ ipm−1(1+ pu). By iterating
this, we have ipm−1 + 1 ∼ ipm−1(1 + pu)k for all k ≥ 0. Since 1 + pu generates
1 + p(Z/pnZ), we have ipm−1(1 + pl) = ipm−1 + pmil for all l ∈ Z/pnZ. Since
(i, p) = 1, we have ipm−1+1 ∼ ipm−1+ pml for all l ∈ Z/pnZ. This shows that
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we have ipm−1 + 1 + pml1 ∼ ipm−1 + 1 + pml2 for all l1, l2 ∈ Z/pnZ. On the
other hand, if i1p
m1−1 + 1 + pm1 l1 ∼ i2pm2−1 + 1 + pm2 l2 with m1 ≤ m2, then
we have i1− i2pm2−m1 + p(l1+ pm2−m1−1l2) ∈ pn−m1+1Z. Since p ∤ i1, we must
have m1 = m2. This implies p | (i1 − i2), and we must have i1 − i2 = 0 since
1 ≤ i1, i2 ≤ p− 1.
Lemma 5.3. Let ζ := ζpn−1 denote a primitive p
n−1-th root of unity. If d < p,
then we have
pn−1−1∏
k=0
(1 + ζk + · · ·+ ζk(d−1)) = d
Proof. Define a relation ∼ in Z/pn−1Z by
k1 ∼ k2 ⇐⇒ There exists m ≥ 0 such that k1dm ≡ k2 mod pn−1.
Then one can easily check that this is an equivalence relation. Put l := | < d > |
in Z/pn−1Z. For 1 ≤ k ≤ pn−1 − 1, let
Ck :=
l−1∏
i=0
(1 + ζd
ik + ζ2d
ik + · · ·+ ζ(d−1)dik).
Then we have
(ζk − 1)Ck = ζd
lk − 1 = ζk − 1.
Since ζk 6= 1, we have Ck = 1. Since ∼ is an equivalence relation in Z/pn−1Z,∏pn−1−1
k=0 (1+ζ
k+ · · ·+ζ(d−1)k) is a product of Ck. Thus we obtain the assertion.
Theorem 5.4. We have
|A| =


1 n = 1
d(p−1)(n−1) n 6= 1, d < p
0 n 6= 1, d ≥ p.
Proof. Lemma 5.2 allows us to consider that |A| is a product of determinants
of small matrices. By doing an appropriate base change, we obtain
|A| =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
An−1
An−1
. . .
An−1
. . .
A0
A0
. . .
A0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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with
An−m =


1 1 · · · 1
1 1 · · · 1
. . .
. . .
. . .
. . .
1 1 · · · 1
1 1 1 · · ·
...
. . .
. . .
...
1 · · · 1 1


.
By a property of circulant matrices, we have
|An−m| =
pn−m−1∏
k=0
(1 + ζk + · · ·+ ζk(d−1)).
If d < p, then, by Lemma 5.3, we have
|An−m| =
{
1 n = m
d n 6= m.
If d ≥ p, then we have
|A1| =
∣∣∣∣∣∣∣
1 · · · 1
...
. . .
...
1 · · · 1
∣∣∣∣∣∣∣ = 0.
Therefore, we obtain
|A| =


1 n = 1
d(p−1)(n−1) n 6= 1, d < p
0 n 6= 1, d ≥ p.
Example 5.5. Let p = 3 and equip the relation of S and T in Λ(G) by
(1 + S)(1 + T ) = (1 + T )(1 + S)4.
Consider the left ideal I := (Λ(G)/Λ(G)ω2)(T + 3) of the ring Λ(G)/Λ(G)ω2.
Then any element x of I can be written in the form
x = a8(1 + S)
8(1 + T ) + · · ·+ a1(1 + S)(1 + T ) + a0(1 + T )
+a8(1 + S)
8 · 2 + · · ·+ a1(1 + S) · 2 + a0 · 2,
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where ai ∈ Λ(Γ). One has
a8(1 + S)
8(1 + T ) = a8(1 + T )(1 + S)
32 = a8(1 + T )(1 + S)
5.
a7(1 + S)
7(1 + T ) = a8(1 + T )(1 + S)
28 = a8(1 + T )(1 + S).
a6(1 + S)
6(1 + T ) = a8(1 + T )(1 + S)
24 = a8(1 + T )(1 + S)
6.
a5(1 + S)
5(1 + T ) = a8(1 + T )(1 + S)
20 = a8(1 + T )(1 + S)
2.
a4(1 + S)
4(1 + T ) = a8(1 + T )(1 + S)
16 = a8(1 + T )(1 + S)
7.
a3(1 + S)
3(1 + T ) = a8(1 + T )(1 + S)
12 = a8(1 + T )(1 + S)
3.
a2(1 + S)
2(1 + T ) = a8(1 + T )(1 + S)
8 = a8(1 + T )(1 + S)
8.
a1(1 + S)(1 + T ) = a8(1 + T )(1 + S)
4 = a8(1 + T )(1 + S)
4.
Hence we have
x = (a2(1 +T )+ 2a8)(1 +S)
8+(a4(1 +T )+ 2a7)(1+S)
7+ · · ·+ a0(1+T +2).
Put
b8 := a2 + a8, b7 := a4 + a7, · · · , b0 := a0.
Then we have
A(3, 2, 2, 1)


a0
...
a8

 =


b0
...
b8


Since |A(3, 2, 2, 1)| = 4, A is invertible in Mp2(Zp). Therefore, for any pair
(b0, · · · , b8) ∈ Λ(Γ)9, one can choose a0, · · · , a8 ∈ Λ(Γ) such that each sum of
ai corresponding to 1, 1 + S, · · · , (1 + S)8 is equal to b0, · · · , b8 respectively.
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